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ABSTRACT Convex optimization solvers are widely used in the embedded systems that require sophis-
ticated optimization algorithms including model predictive control (MPC). In this paper, we aim to reduce
the online solve time of such convex optimization solvers so as to reduce the total runtime of the algorithm
and make it suitable for real-time convex optimization. We exploit the property of the Karush—Kuhn—Tucker
(KKT) matrix involved in the solution of the problem that only some parts of the matrix change during the
solution iterations of the algorithm. Our results show that the proposed method can effectively reduce the

runtime of the solvers.

INDEX TERMS Convex optimization, linear solver, Karush—-Kuhn-Tucker (KKT), embedded systems.

. INTRODUCTION
ONVEX optimization has emerged as an important
mathematical tool in a wide range of science and engi-
neering disciplines such as automatic control, machine learn-
ing, and statistical signal processing efc. Recent advances
including those mentioned in [1], [2] has enabled its use as
realtime solvers for embedded systems [3], [4], [5].

Unlike general-purpose solvers, a realtime embedded op-
timization imposes special requirements on the solver [6].
For example, it is critical that the linear solver obtains the
solution of the desired accuracy within a specified amount of
time at each step of solving the optimization problem. The
solution time may have to be shorter than the sample rate of
the embedded system, e.g., tens to millions of samples per
second. The solver must be robust. It is not acceptable for the
solver to fail due to a fatal error such as division-by-zero or
unreliable sensors. Furthermore, the solver should use simple
code with a minimal dependency on dynamic libraries. On
the other hand, the general-purpose solvers often depend on
either an integrated environment like MATLAB, PYTHON,
or external libraries such as basic linear algebra subprograms
(BLAS) [7] and linear algebra package (LAPACK) [8], and
Intel math kernel library (MKL) [9] for their programma-
bility, usability, and performance. This makes it difficult to
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validate and port the solver for use in embedded applications.
In addition these solvers run with human intervention and can
fail occasionally.

Two recent works, CVXGEN [10] and ECOS [11] provide
frameworks that generate a specific code for solving real-
time convex optimization problems on an embedded system.
Specifically, given a high-level description of the optimiza-
tion problem, CVXGEN generates a simple, flat, and library-
free C code using disciplined convex programming (DCP)
[12]. The generated code is branch free and suitable for an
embedded system, and can be compiled into a high perfor-
mance solver for the specific family of the problems (e.g.,
all the matrices have the same sparsity structure). However,
to meet the strict constraint enforced on the solution time
in realtime applications, the dimension of the coefficient
matrix for the linear system is currently limited to O(100)
in CVXGEN.

While embedded solvers come with certain requirements,
they have certain features that can be exploited to reduce
the complexity of the design. The accuracy required by the
embedded solvers is often limited. For example, with model
predictive control (MPC), even very low accuracy can result
in acceptable control performance [13]. Another feature is
that the structures of many problems do not change from one
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solve to the next, e.g., for Kalman filtering, the dimensions
and structure of the system state, input and output vectors,
and steady-state error covariance matrix are all fixed. Fur-
thermore, system parameters remain unchanged with each
realtime solution iteration. Therefore, each solver will per-
form many solves for a given problem instance (including
the input data). Finally, the change in the numerical values
of the solver parameters between two subsequent instances
of the problem may be small. These features of realtime
optimization provide the opportunity to significantly reduce
the solution time. While CVXGEN generates the convex
optimization solvers that take advantage of the structure of
the problem family, e.g. the sparsity structure of the resulting
Karush—Kuhn-Tucker (KKT) matrices [14], they fail to take
the advantage of the fact that several blocks in the matrix do
not change during the iterations of a given solve instance.

In this work, we aim to reduce the time to solve the family
of the linear systems by taking advantage of the fact that
many blocks of the KKT matrices do not change during the
solution of the convex optimization problem [15].

Il. QUADRATIC PROGRAMMING CONVEX PROBLEM
In DCP [16], [10], a quadratic programming (QP) convex
problem is transformed into a standard form as follows,

1
minimize (2) Qe+ q'x

subject to Gx<h and Az = b

(0

where z,q € R", Q € S0 is a symmetric positive
semidefinite matrix, A € R™*", G € RP*", b € R™, and
h € RP. With each instance of the solve, the solver goes
through several iterations of the solve until solution meets
a certain level of pre-determined accuracy or the maximum
number of iterations are reached. The iteration time of the
optimization solver is dominated by the solution of the KKT
linear system of equations, Kz = ¢, whose coefficient matrix
K has the following block structure,

0 st |5 )

0 Sz | I, 0
K=1a—1, 0 0 &
A0 0 0

where I, is the p x p identity matrix. In addition, for QP, the
matrix K is quasisemidefinite (i.e. a symmetric matrix with
(1,1) block diagonal positive semidefinite and (2,2) block
a negative semidefinite block [2]), where S = diag(s) €
RP*P and Z = diag(z) € RP*P are diagonal matrices, with
s € RP and z € RP, respectively, representing the slack
variables and inequality multipliers in the KKT conditions.
This special structure of KKT matrix is most interior-point
methods [17]. To guarantee a reliable and stable performance,
even for an ill-conditioned K, the linear solvers use the
combination of static and dynamic regularization and itera-
tive refinements [10]. The regularization is achieved through
scalar parameter ¢ < 0 to make the matrix K symmetric
quasidefinite (e.g., ¢ = —10~7). The solution to the linear

2

system Kz = ¢ (¢ € R"*™%2P) is found through the LDL"
decomposition, PK PT = LDL™, where P is a permutation
matrix, L is a lower triangular matrix with unit diagonals, and
D is a diagonal matrix. With the LDLT decomposition, the
solution to K« = c is found through the sequence of forward
substitution, diagonal scaling, and backward substitution.

In this paper, we aim to reduce the cost of solving the
KKT linear systems by taking advantage of the property that
only some of the sub-matrices in the KKT matrices change
during the solution of the convex optimization problem.
For example, for the online array weight design or for the
adaptive filtering, only the matrix G in (1) change from one
solve instance to the next. In many cases that we have studied,
only the sub-matrix S~!Z changes from one iteration of one
solve instance to the next [15].

lll. ALGORITHM

We focus on the cases where only S~'Z changes during
each iteration of a solution. Example of such applications
include Kalman filtering, and sliding window smoothing and
estimation [6]. We take advantage of the fixed Q, A, and G
blocks. The matrix K is implicitly reordered as K and the
resulting equivalent system K = ¢éis solved as follows,

Q AT 0 G [ ¢

A 0 0 0 |dd| |4 )
0 0 Sz | ||~ |&
G 0 I, 0] |us é3

A. INITIAL OFFLINE SETUP

The initial offline setup steps are the same as proposed in our
previous work [15]. During the initial offline setup stage, we
partially factorize the matrix K such that K = LDL™ where

Liy O 0 Of|Din O 0 0
Lg’l L272 0 0 0 DQ’Q 0 0
0 0 I, O 0 0 Sz I,
Lyy Lio 0 I, 0 0 I, C
“)
In the above the trailing block (2, 2) D is not yet fully
factorized, and therefore, . This block will be factorized in
the online factorization procedure. The above partial LD L™
factorization is computed as follows,

1) We compute the LDL” factorization of ) such that
Q=Li11D1 L7 ;.

2) We compute the off-diagonal blocks Lo 1 and Ly
in the first block column of L such that Ly, :=

-1 -1
A (Dl,lL{’l) and L4’1 =G (D171L{1) .

3) We compute the LDL” factorization of the second
diagonal block K32 such that Ky 3 = LoDy 2 L3,
where R272 = — (L271D171L2T71). K is used to dis-
tinguish the block from the corresponding block of the
original matrix K.

4) We compute the off-diagonal block Lo in the
second block column of L such that Ls, :=
Kuzo (D2sL%,) " where Kys := — (LayDiaLY,).

LD =
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5) We compute the last diagonal block C' of D such that
C:=- (L4’1D171L£1) - (L4,2D272LZ2).

B. ONLINE FACTORIZATION

During the solution of the convex optimization problem, we
only need to factorize the Schur complement of the matrix,
given as follows,

[SlZ [p] _ { I, 0 } [D3,3 0 } [Ip LZS}
I, C| 7 |Lasz Laa|| O Dasl|0 LI,

S
where D33 = S7'Z, Lyz = Z7'S, C = LyaDyaLl,,
and C = C — (Z1S). Since both S and Z are diagonal
matrices, the LDLT factorization of C' is computationally
the most expensive part of this factorization.

In this work, we attempt to improve the speed of the
LDLT factorization of C' by adapting a numerically sta-
ble product-form Cholesky factorization algorithm [18]. The
LDLT factorization of C can be computed by updating the
contribution from the S—12 part of C on each solve iteration,
instead of the full LD L™ refactorization of C' + S~1Z.

We next present the technique to update the LD L™ factor-
ization of a matrix on each solve iteration, when a symmetric
matrix of the form IWIT is added to it, where W € RP*P
is a diagonal matrix and / € RP*? is an identity matrix. We
rewrite the second term of C' = C'—(Z71S) to I (Z1S) I*
and set W = —Z~1S. With also represent C in its factorized
form as C = LDLT. Assuming that LDLT 4+ IWIT is

positive semidefinite, and since L is nonsingular, the updated
LDLT factorization of C is given as,

C=C-1(z'S)I" =LDL" +IWI"

=L(D+YWYT)L" = LLDL"L" ©
where D + YWYT = LDLT represents the Cholesky
factorization, Y € RP*P? is the solution of LY = I, (or
equivalently Y = L~'). The matrix inversion of L' needs
to be computed only once in the offline setup phase and
then used in the online solve process. Here D € RP*P is a
diagonal matrix which is also computed once in the offline
setup phase. The computation of LDLT is performed by
adapting the iterative rank-k update algorithm proposed by

[18].

1) Rank-k Update

Let the transpose of /) € R? be the j™ row of Y and Y ¥) e
R(P—7)%P be the matrix consisting of the last p— j rows of Y,
let DU) € R(P~=7)x(P=J) be a diagonal matrix with diagonal

elements d;1, ..., dp,, therefore DO = D, and let Yo =
Z~18. Therefore,
Y(©® =y and
yOT = [0,y 0] )

We use symmetric Gaussian elimination to compute the

factorization of D 4+ Y2, Y7 and after the first step, the fac-
. . . . . 7 T

torization state is given in (8), where d; = d; +y*)" Sy
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S = 8o — digWg®”

1 1 ifd
gV = (d1) Yoy, if Cfl #0 . )
0, ifd, =0

,and ¢U) € RP is given as,

Fig. 1 shows graphically, the computations involved in
the first iteration of the factorization as given in (8) for
the symmetric Gaussian elimination, D + Y (© 5,y (©"
process. Fig. 1(a) shows the computation of the vector (1)
which is then used in subsequent computations. Since this is
a multiplication of 0%0)’ which is the first diagonal element
of Xy by 1, therefore, there is no operation performed in this
step. Fig. 1(b) shows the computation which results in the
element d; = d; +y™M " Zoy® of D. Since yM" is the first
row of Y and Y being the inverse of a lower triangular matrix,
only the first element of y(l)T is 1 and the rest are zero. We
can observe that this computation reduces to a scalar addition
between two terms 7’51) and d, as follows,

dy = dy +( m* (1>>. (10)

Fig. 1(c) shows the computation of the vector ¢(*) of Linthe
first iteration. Along the same lines, we can also observe that
this computation requires a scalar division of 7’%1) by the term
czl as follows,

1
g = —rlV. (11)

Fig. 1(d) shows the computation of the matrix ¥ in the first
iteration. Since at this stage, the vectors ¢(!) and (M both
have only one element as nonzero, we can see that this com-
putation also requires a scalar multiplication of two terms
qgl), and r§1)T, and the resulting scalar term is subtracted
from the matrix >, which is essentially a scalar operation
since we only need to subtract from the first diagonal ele-
because other elements will remain unchanged at

this stage. The first diagonal element 0%1) of 31 is computed

as follows, .
otV = ol — (¢f"r{V"). (12)

Fig. 2 shows graphically, the computations involved in the
second iteration after (8). Fig. 2(a) shows the computation
of the vector 7(?) where y(2) now has a nonzero element y§2)
andal at yf). We notice that 3 is still a diagonal matrix but
with the first diagonal element Ugl), updated in the previous
iteration. By inspection, we can see that this requires a single
multiplication of a%l), which is the first diagonal element of
3o by y§2). Fig. 2(b) shows the second step of symmetric
Gaussian elimination, D) + Y(l)ZlY(l)T computation,
which results in the element d2 =do+ y(2) r2) of D. Since
y(z) is the second row of the lower triangular matrix Y,
only the first two elements are required to compute this term.

Therefore, the number of computation requ1red in this step
@7 (2)

ment, O’%O)

include one scalar multiplication between vy, , and r;™,
and two scalar additions as follows,

d2=d2+(() <2>+r§)). (13)

3
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dy +y D" ZoyM
Y3y

1 0] [d;
y(l)q(l) Il o

DO L y(O)Eoy(O)T = {

DW 4+ YLy y®

0 1 Oy "
DO Ly, yM"| |0 I

Yy sy " ]

®)

Z0
rv =
(a) pxp
dl r(l)
yr
d= + I X
1xXp
= 1
pXp pX1 1
® HO Y= 1
1
1/d, 1
q" = @ X PXp
11 sz
xp
© pXx1
=, qv
r(I)T
3= - O x ETTT]
1xp
(@) pXp  pX1

m = Nonzero = Updated D = Zero

FIGURE 1. Graphical representation of the computations involved in the first
iteration of the recurrence relations given in (20).

> ¥

1

o =

(@)

(d)
m = Nonzero = Updated E] = Zero

FIGURE 2. Graphical representation of the computations involved in the
second iteration of the recurrence relations given in (20).

o =

(@)

()

pXp  pxi

m = Nonzero = Updated D = Zero

FIGURE 3. Graphical representation of the computations involved in the third
iteration of the recurrence relations given in (20).

Fig. 2(c) shows the computation of the vector ¢(?) of Linthe
second iteration. In order to compute the first two elements
of ¢, we require the first two elements of (2), for division
by the scalar term Jz as follows,

q(2) :i ng)

(14)
d2 TéQ)

Fig. 2(d) shows the computation of the matrix 3o in the
second iteration. At this stage the vectors ¢® and r®”
both have the first two elements as nonzero, and we require
four multiplications to compute the resulting 2 X 2 matrix
¢®r®"  and then subtracting the resulting matrix from ¥;.
This computation results in 5 with the initial 2 x 2 diagonal
block updated and the rest of the diagonal elements remain
unchanged as follows,

2) (2)7 2) ()T
RN
So =% — g g (15)

Fig. 3 shows graphically, the computations involved in the
third iteration of the factorization. Fig. 3(a) shows the com-
putation of the vector 7(3) where (3) now has two nonzero

elements y§3), yég) and a 1 at y:(f). We notice that 5 now
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has the initial 2 x 2 block of nonzero elements updated in
the previous iteration. By inspection, we can see that this
computation requires four multiplications and two additions
as follows,

@ B (2 ,(3)
oY T on2)Y2

2) " (3 2 3
r® = ((2)1)y§ - §2)2)3/§ . (16)

7(3,3)

Fig. 3(b) shows the third step of symmetric Gaussian elimina-
tion, D® + Y@, Y®" computation, which results in the
element d3 = d3 + y® " r® of D. Therefore, computing
the term dj requires two scalar multiplications and three
additions as follows,

~ T - T
dy = ds + (¥ P+ ) an

Fig. 3(c) shows the computation of the vector ¢(3) of Linthe
third iteration. Here, we require three divisions as follows,

[
¢ == . (18)
ds | 3

3

Fig. 3(d) shows the computation of the matnx >3 in the
third iteration. At this stage the vectors ¢(® and r®" both
have the first three elements as nonzero, and we require
nine multiplications to compute the resulting 3 X 3 matrix
¢®r®" | and then subtracting the resulting matrix from Y.
This computation results in 33 with the initial 3 x 3 diagonal
block updated and the rest of the diagonal elements remain
unchanged as follows,

qg?»)rga)T qge»)rgs)T (3> (3)T
3),.3)" (3) (3)T (3> ( )*
qs "7

Yy =Yy — FORON (3) <3>T (3) 7
3 1 3

d3 Ty

19)
Similarly, each corresponding term of D and a column of Y
is being used to compute a term d for D and the subsequent
steps result in the computation of column vector ¢¥), which
is then used in the formation of L. In the next steps, the
(p — §) x (p — j) matrix DY + YD, y@" is identical
in form to the matrix D© + Y(© Y (" Therefore, by
performing the above-mentioned symmetric Gaussian elim-
ination procedure on the matrix D) + Y@y, Y )" for
J=1,2,...,p— 2, we obtain the factorization LDLT give in
(6), Where Lis given in (24) and D= dlag{dl, p} The
terms ¢/) and d can be computed using the followmg recur-
rence relations, proposed in [18]. Note that the term > j,ly(”
is used twice in the iterations, thus we compute it only once
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as U )~ and it results in eliminating the multiplication of the
term d; to compute X;.

W (D) = 5™
dy =dy +y O

forj=1,2,....,p—1
. 1Y) ifds £0
T
g = (dj) Y # (20)
0, lfdj =0
S =% — qr@"

PO+ — ij(j+l)
djp1 = dj1 + yUHDT LG+

2) Rank-1 Update

The term LDL™ + IW I given in (6) can also be computed
using the rank-1 update mechanism performing a sequence

of p rank-1 updates. We let I = [eq, e, €3, ..., ep], Do = D,
and Lo = L, then,
. P
C=LDL" +) wjejel
= 21)

— FolyLy.. LD, LT LTLTET
where 7 = 1,2, ..., p. Each successive ij l~)j i? is the result
of Cholesky factorization of D;_; + w;yyl " as given
below,

Djy +wyDyD" = L;D;L] (22)

and each y) € RP is obtained from the solution of
Eoilig...ij_ly(j) = e;. In order to compute q(j) and Jj,
we use the rank-1 update mechanism proposed in [18]. Let us
use y to denote the vector y(7), y; to denote its 4™ component.
Therefore, the vectors ), ¢1), and matrices ¥; and W
become scalars, denoted by ¥;, g;, 05, and w; respectively.
The following algorithm is used to obtain the terms ¢; and d;

for each successive L; in computing (21).
forj=1,2,....p
Compute y\):
N _F-1 F—-1
y9 =LY L,
Compute g;, JZ

=1
Ly e;

:y(]),O'() = wj,rl = 00Y1

CZ1 =dy + y17m1

fori =1,2,...,p—1 (23)
. { ()7 ifdi#0
0, ifd; =0
0i = 0i—1 — ¢iTi
Ti+1 = O0iYit+1
dit1 = dit1 + Yip1Tisn
Thus, we can rewrite (24) as given in (25).
5
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1
T
y(Z)Tq(l) ;
- YO BT @ 1
L=L(¥y",Q) = : . 24)
'T ‘T .T
y(p_lj q(l) y(p_lqz q(2) (p_li q(3) Tl
L y(p) q(l) y(p) q(2) y(p) q(?’) y(p) q(pfl) 1
- -
Yoq1 1
L. Y3q1 Y3qo 1
L=1L(y,q = . . (25)
Y- Yp-1)42 Yp-1)43 - 1
Ypd1 Ypaz Yp4as Ypd(p—1) 1_

TABLE 1. Computational Complexity of the Algorithm in FLOPS

Computing Step | FLOPS, proposed method FLOPS, method in [15]
Offline Setup:

2 1 2 1
LDL" of Q “nd+-n—1 “n¥+-n—1

3 3 3 3
Lo n’m n2m
LDLT of Koo | m2n+=m3+-m—1 | m2n+ =m3 + —m —1
Ly n?p n?p
Ly 2pmn + m3p 2pmn + m?p
c p? (n+m) p? (n+m)

1

LDLT of C §p3+,p_1 .
Y S _
Online
Factorization:
= 4k3 — 3k2 + 2k 2 1
L(Y,Q) - §p3+§p71

TABLE 2. Computational Complexity in FLOPS with Varying k. k drops to 1 Typically on the 7th lteration

Dimension Rank-k Update Method in [15]
of KKT Offline Online | Online | Online Offline Online | Online | Online
Setup Factor Solve Total Setup Factor Solve Total
13 (p=1) 915 10 0 10 913 10 0 10
26 (p=2) 7,296 40 12 52 7,282 60 20 80
52 (p=4) 58,320 268 72 340 58,212 440 120 560
78 (p=06) 196,800 880 180 1,060 196,438 1,460 300 1,760
104 (p=8) 466,464 2,068 336 2,404 465,608 3,440 560 4,000
130 (p=10) 911,040 4,024 540 4,564 909,370 6,700 900 7,600
156 (p=12) | 1,574,256 | 6,940 792 7,732 1,571,372 | 11,560 1,320 12,880
182 (p=14) | 2,499,840 | 11,008 1,092 12,100 | 2,495,262 | 18,340 1,820 | 20,160
208 (p=16) | 3,731,520 | 16,420 1,440 17,860 | 3,724,688 | 27,360 | 2,400 | 29,760

IV. COMPUTATIONAL COMPLEXITY

Considering that each solve instance consists of one offline
setup and 10 online iterations to perform factorization of
C part of the KKT matrix. The complexity for online fac-
torization is given in the form of k, which represents the
rank of the S~!Z block. Performing simulations of multiple
problem sizes, we have observed that the value of & drops
to 1 typically around 6 or 7 iterations for all the problem
sizes. Using the number of operations involved in each step

6

as explained in Section III, the computational complexity
in terms of floating point operations (FLOPS) is given in
Table 1. In comparison, we also show the computational
complexity for the method in [15]. Note that the complexity
of online factorization for the proposed method is given in
terms of k, which drops down to 1 around the 7th iteration.
Even though the proposed method is iterative, reduction in
the rank of the matrix to 1, reduces the complexity of the
online factorization operation which contributes towards the
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efficiency of the proposed method. On the other hand, the
complexity of offline setup has increased in the proposed
method but since that is done only once for each solve in-
stance, it does not contribute significantly toward the overall
complexity and efficiency of the algorithm. The complexities
in terms of number of floating-point operations (FLOPS) for
various sizes of the KKT matrix are given in Table 2. It can
be seen that for the largest KKT matrix dimension of 208 in
Table 2 the number of FLOPS for the online factorization has
reduced by 40%.

We observe that when the rank drops to 1, the product-
form Cholesky factorization method requires the least
amount of FLOPS. However, both the rank-k£ and rank-
1 methods can take advantage of parallel computation to
compute the term LY = [ or Y = L7, if k parallel
processors can compute each column of Y.

V. CONCLUSION

In this paper, we have proposed a method to factorize the
KKT matrices for solving real-time convex optimization
problems on an embedded system. We have used a product-
form Cholesky factorization method to efficiently factorize
the KKT matrix online especially when the rank of the matrix
drops significantly to around 1 after 6 or 7 solve iterations.
This approach can be used in combination with Cholesky fac-
torization of the full-rank matrix to save significant number
of operations in solving a problem of the same size, i.e. about
40% less number of FLOPS are required to solve a problem
with a KKT matrix dimension of 208.
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